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Abstract
Being comparable in quantum systems makes it possible for spaces with varying
dimensions to attribute each other using special conversions can attribute schro¨dinger
equation with like-hydrogen atom potential in defined dimensions to a schro¨dinger
equation with other certified dimensions with isotropic oscillator potential. Apply-
ing special transformation provides a relationship between different dimensions of two
quantum systems. The result of the quantized isotropic oscillator can be generalized
to like-hydrogen atom problem in different dimensions. The connection between coor-
dinate spaces in different dimensions can follow a specific relation that by using it and
applying the parametric definition in two problems, energy spectrum and like-hydrogen
atom potential wave functions problem will be solved.
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1 Introduction
The hidden dynamical symmetry in some quantum systems and the beauty of solving such
issues causes imputation of other quantum systems solvable models by using some special
transformations. The solvability of such systems provides enough motivations for simula-
tion of other physical systems with them. Such solvable quantum systems are included in
quantum isotropic oscillators with dimensions 2, 4, 8, 16, 32 that can be attributed to like-
hydrogen atom quantum systems with dimensions 2, 3, 5, 9. The type of transformation
is so that special dimensions of two quantum systems can be related to each other. There-
fore, these transformations can’t be useful for any dimension of considered quantum system.
These transformations create a duality between discrete quantum systems named oscillators
with different dimensions and continues quantum systems that is called like-hydrogen atom
quantum systems. These transformations help attributing solvability of a quantum system
to the solvability of desired quantum system, so different algebra methods that are applied
in solvable models can be expanded in the desired problems. This expansion causes para-
metrical relations between two quantum systems.
Algebra method such as dynamic symmetry groups corresponded with the like-hydrogen
atom can be related to the dynamic symmetry groups of isotropic oscillators [1]. Also, the
explicit form of the transformations binding like-hydrogen atom wave function and isotropic
oscillator wave function can be available by using the definitions of parameters in two con-
sidered systems [2-4].
Since it is known that the quantized oscillator is a principle concept model in the quantum
field theory and the problem of D-dimensional oscillator can be related to the problem of
d-dimensional like-hydrogen atom, by using special transformations, so many well developed
methods applied in quantum field theory and nuclear physics can be also effectively used in
the investigations of the behavior of like-hydrogen atom in the external electric and mag-
netic fields [5-8]. There are some special transformations that can convert d-dimensional
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like-hydrogen atom to D-dimensional isotropic oscillator. These bilinear transformations are
called Levi-Civita [9], kustaan- Steif [10],Hurwitz transformations [11] that can depend the
dimensions of d=2, 3, 5, 9, 17 to the dimensions of D=2, 4, 8, 16, 32, correspondingly. Since,
the above mentioned transformations connected two different coordinate spaces, dimension-
ally, so there isn’t an one by one relation between two spaces. The transformations that is
applied to changing two spaces with different dimensions are called non-bijective quadratic
transformations [12]. It should stressed that non-bijectivity of the Rd → RD transformation
means that for each element of Rd, there is a whole set of elements in RD .
In this paper, by special transformations, a general model is presented that shows how
physical quantities can be converted to each other in two different quantum systems with
two different dimensions. In this method, D-dimensional isotropic oscillator energy can be
expanded to d-dimensional like-hydrogen atom energy by considering the parametrical rela-
tions between two systems. Also, it is shown that wave function of isotropic oscillator can
be written based on wave function of like- hydrogen atom. The presented general method is
applied in 5 and 16 dimensional isotropic oscillators in the sections (3) and (4), respectively.
2 Generalized transformations in two different spaces
of quantum systems
As mentioned before, transformations of dimensions between two systems as d → D are
included only in some cases of dimensions such as d=2, 3, 5, 9, 17 to the dimensions of
D=2, 4, 8, 16, 32, correspondingly. In general form, there is a like-hydrogen atom with a
certain dimension that can be related to isotropic oscillator with another specific dimension.
Dimensional relations between two spaces Rd and RD is considered by special transformation
that only convert d = 2m dimension of the isotropic oscillator to D = 2m−1 +1 dimension of
like-hydrogen, where m is an integer number and m = 1, 2, 3, 4, 5 based on restrict of d and
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D.
The most important feature of non-bijective quadratic transformations is the validity of the
Euler identity [13]:
u21 + u
2
2 + ...+ u
2
d = x
2
1 + x
2
2 + ... + x
2
D, (2.1)
Where xi and uk are the D-dimensional like-hydrogen atom and d-dimensional isotropic
oscillator coordinates, respectively.
Introducing non-bijective quadratic transformation, coordinates (x1, ..., xD) of space R
D can
be related to coordinates (u1, ..., ud) of the space R
d, by [12]:
xi =
d∑
j=1
Tijuj, i = 1, 2, 3, ..., D (2.2)
where xi is a generalized coordinate in space R
D and Tij is a transformation matrix that
shows the type of transformations applied to the problem.
Transformation matrix has basic properties. First, the elements are linear homogeneous
functions of uj. Second, matrix is orthogonal in the following sense:
(a) The scalar produces two different rows vanishes.
(b) Each row has the norm u21 + u
2
2 + ...+ u
2
d.
Multiplying two transformation matrixes and summing over j based on the Euler identify
(2.1), it can be shown that [12]:
d∑
j=1
TijTkj = u
2δik, i, k = 1, 2, ..., D, (2.3)
and
d∑
j=1
∂Tij
∂uj
= 0. (2.4)
The transformation matrixes Tij should be defined so that:
∂xi
∂uj
= 2Tij, i = 1, ..., D. (2.5)
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Considering an arbitrary function of u as τ(u) and using equation (2.5):
∂τ(u)
∂uj
= 2
D∑
k=1
Tkj
∂τ(u)
∂xk
, j = 1, 2, ..., d. (2.6)
Multiplying (2.6) by Tij and using relation (2.3), it can be easily shown that:
∂τ(u)
∂xi
=
1
2u2
d∑
j=1
Tij
∂τ(u)
∂uj
. (2.7)
Therefore, relations (2.6) and (2.7) can be generalized by:
∂
∂xi
=
1
2u2
d∑
j=1
Tij
∂
∂uj
, (2.8)
∂
∂uj
= 2
D∑
k=1
Tkj
∂
∂xk
, (2.9)
If ϕi operators are introduced as:
ϕˆi = iu
2 ∂
∂qi
=
i
2
d∑
j=1
Tij
∂
∂uj
, i = D,D + 1, ..., d− 1, d. (2.10)
Considering relation (2.5), ϕi will operate as follows:
ϕˆixˆk = iu
2δik = 0, i = D, ..., d, k = 1, ..., D. (2.11)
Also, it is clear that relation (2.11) is valid for an arbitrary functions of x, so that ϕˆiF (x) = 0.
Considering differential relations between two different coordinates xi and uj, the relation
between like-hydrogen atom and isotropic oscillator Laplacians is as follows [12]:
∆x =
1
4u2
∆u +
1
u4
ϕ2, (2.12)
where operator ϕˆ2 is defined as:
ϕˆ2 = ϕˆ2D + ...+ ϕˆ
2
d. (2.13)
ϕˆ2 is the operator that causes laplacian of like-hydrogen atom, written based on the laplacian
of isotropic oscillator. Therefore, D-dimensional Schro¨dinger equation for like-hydrogen atom
as:
(−
h¯2
2µ
△x −
e2
r
)ψ(x) = Eψ(x), (2.14)
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can be transformed into the form:
(−
h¯2
2µ
△u − 4Eu
2)ψ(x) = 4e2ψ(x). (2.15)
Since equation (2.15) is comparable with solvable Schro¨dinger equation for d-dimensional
isotropic oscillator as:
(−
h¯2
2µ
△u +
1
2
µω2u2)ϕ(u) = εϕ(u). (2.16)
Thus, equation (2.15) that is related to D-dimensional like-hydrogen atom, can be solved con-
sidering the solution of d-dimensional isotropic oscillator. Applying d-dimensional isotropic
oscillator as a solvable model will be perfect, if the following parametrical relations is satisfied
between two equations (2.15) and (2.16):
1
2
µω2 = −4E, 4e2 = ε. (2.17)
The energy spectrum in d-dimensional isotropic oscillator can be obtained as:
ε = h¯ω(N + 2m−1), N = 0, 1, 2, ..., m = 1, 2, 3, .... (2.18)
where m is an integer number and N is a main quantum number that represents the number
of energy discrete bound states levels. This energy discrete spectrum is corresponded with
isotropic oscillator in the 2m dimensions of space Rd. It should be mentioned that in equation
(2.16), ω is considered as a potential constant parameter, so, ε is quantized according to
relation (2.18). Although, in equation (2.15), ε = 4e2 is assumed as a potential constant
parameter and ω is quantized by ε
h¯(N+2m−1)
where N is a natural number. Substituting
parametrical relations (2.17) in relation (2.18), energy discrete spectrum of D-dimensional
like-hydrogen atom can be calculated by:
E =
−2µe4
h¯2(N + 2m−1)2
, (2.19)
where N as a number of energy bound states level can be introduced by parametrical defi-
nitions in the like-hydrogen atom systems with dimensions of 2m−1 + 1.
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According to the type of transformations in the problem ψ(x) is an even function of variables
u, so that ψ(x(u)) = ψ(x(−u)). Therefore, ψ(x) as the solution of equation (2.14) can be
expanded in a full system of even solutions ϕNα of equation (2.16) [12]:
ψn(x) =
∑
CnαϕNα(u), (2.20)
where α denotes all other quantum numbers.
3 ks transformations in the four-dimensional quantum
isotropic oscillator
Presented general model can be used for expansion of four-dimensional like-hydrogen atom
by Ks transformations. The Ks transformations is presented by following matrix [10]:
Tij =


u1 −u2 −u3 u4
u2 u1 −u4 u3
u3 −u4 u1 u2
u4 −u3 −u2 −u1


, (3.1)
where mentioned before, basic properties. According to the relation (2.2), connection be-
tween xi coordinates of three-dimensional like-hydrogen atom and uj coordinates of four-
dimensional isotropic oscillator is arranged as follows:
x1 = u
2
1 − u
2
2 − u
2
3 + u
2
4
x2 = 2(u1u2 − u3u4)
x3 = 2(u1u3 + u2u4) (3.2)
The ϕˆi operator has only one form as ϕˆ4 that is defined based on relation (2.10) as:
ϕˆ4 =
i
2
(u4
∂
∂u1
− u3
∂
∂u2
+ u2
∂
∂u3
− u1
∂
∂u4
), (3.3)
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The ϕˆ2 operator can be written based on ϕˆ24 operator by considering relation (2.14):
ϕˆ2 = ϕˆ24. (3.4)
Therefore, schro¨dinger equation of like-hydrogen atom in three dimensions can be comparable
with schrodinger equation of isotropic oscillator in four dimensions. Considering parametrical
relations (2.17), ε energy spectrum in four-dimensional isotropic oscillator as:
ε = h¯ω(N + 2). (3.5)
where m = 2 and N is a level number of energy spectrum. This energy spectrum can be
applied to calculation of energy discrete spectrum of three-dimensional like-hydrogen atom.
According to relation (2.20), if the integer numberm is considered asm = 2, energy spectrum
of like-hydrogen atom in three-dimensions as follows:
E =
−2µe4
h¯2(N + 2)2
, (3.6)
where N parameter can be written by parametrical definitions for three-dimensional like-
hydrogen atom.
4 Hurwitz transformations in the sixteen-dimensional
quantum isotropic oscillator
The transformation of nine-dimensional like-hydrogen atom to sixteen-dimensional isotropic
oscillator will be followed by mentioned general model, if Hurwitz transformation is applied
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as [11]:
Tij =


u9 −u10 −u11 u12 −u13 u14 −u15 u16 u1 u2 u3 u4 −u5 u6 −u7 u8
−u10 −u9 −u12 u11 −u14 −u13 −u16 u15 u2 −u1 u4 u3 −u6 −u5 −u8 u7
u11 −u12 u9 u10 u15 −u16 u13 u14 u3 u4 u1 −u2 −u7 u8 u5 −u6
−u12 −u11 −u10 u9 u16 u15 u14 u13 u4 −u3 −u2 −u1 u8 u7 u6 u5
u13 u14 −u15 −u16 u9 −u10 u11 u12 u5 −u6 u7 u8 u1 u2 −u3 −u4
u14 u13 u16 −u15 u10 u9 −u12 u11 u6 u5 u8 −u7 u2 −u1 −u4 u3
u5 −u16 u13 −u14 −u11 u12 u9 u10 u7 u8 −u5 u6 u3 −u4 u1 −u2
−u16 −u15 −u14 −u13 u12 −u11 −u10 u9 u8 −u7 −u6 u5 −u4 −u3 −u2 −u1
u1 u2 u3 u4 u5 u6 u7 u8 −u9 −u10 −u11 −u12 −u13 −u14 −u15 −u16
−u9 u10 −u11 −u12 u13 −u14 u15 −u16 u1 −u2 u3 u4 −u5 u6 −u7 u8
u10 u11 u12 u13 u14 u15 u16 u9 −u8 −u1 −u2 −u3 −u4 −u5 −u6 −u7
−u11 u12 u13 u14 u15 −u16 −u9 u10 u7 −u8 u1 −u2 −u3 −u4 −u5 −u6
u12 u13 u14 u15 u16 u9 u10 u11 −u6 −u7 −u8 −u1 −u2 −u3 −u4 −u5
u9 −u10 u11 −u12 −u13 −u14 −u15 u16 −u1 u2 −u3 u4 u5 u6 u7 −u8
−u10 −u11 −u12 −u13 −u14 −u15 −u16 −u9 u8 u1 u2 u3 u4 u5 u6 u7
u11 u12 −u13 −u14 u15 u16 −u9 −u10 u7 u8 −u1 −u2 u3 u4 −u5 −u6


,
(4.7)
Hurwitz transformation matrix is arranged so that the basic properties of transformations
are satisfied in it. xi coordinates of nine-dimensional like-hydrogen atom are written based
on the uj Coordinates of sixteen-dimensional isotropic oscillator by considering relation (2.2):
x1 = 2(u1u9 + u2u10 − u3u11 + u4u12 − u5u13 + u6u14 − u7u15 + u8u16),
x2 = 2(−u1u10 + u2u9 + u3u12 + u4u11 − u5u14 − u6u13 + u7u16 + u8u15),
x3 = 2(u1u11 − u2u12 + u3u10 + u4u10 + u5u15 − u6u16 − u7u13 + u8u14),
x4 = 2(−u1u12 − u2u11 − u3u10 + u4u9 + u5u16 + u6u15 + u7u14 + u8u13),
x5 = 2(u1u13 + u2u14 − u3u15 − u4u16 + u5u9 − u6u10 + u7u11 + u8u12),
x6 = 2(−u1u14 + u2u13 + u3u16 − u4u15 + u5u10 + u6u9 − u7u12 + u8u11),
x7 = 2(u1u15 − u2u16 + u3u13 − u4u14 − u5u11 + u6u12 + u7u9 + u8u10),
x8 = 2(−u1u16 − u2u15 − u3u14 − u4u13 − u5u12 − u6u1 − u7u10 + u8u9),
x9 = u
2
1 + u
2
2 + u
2
3 + u
2
4 + u
2
5 + u
2
6 + u
2
7 + u
2
8 − u
2
9 − u
2
10 − u
2
11 − u
2
12 −
u213 − u
2
14 − u
2
15 − u
2
16. (4.8)
ϕˆi differential operators are written by using relations (2.10) and (4.1):
ϕˆ10 =
i
2
(−u9
∂
∂u1
+ u10
∂
∂u2
− u11
∂
∂u3
− u12
∂
∂u4
+ u13
∂
∂u5
− u14
∂
∂u6
+ u15
∂
∂u7
− u16
∂
∂u8
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+u1
∂
∂u9
− u2
∂
∂u10
+ u3
∂
∂u11
+ u4
∂
∂u12
− u5
∂
∂u13
+ u6
∂
∂u14
− u7
∂
∂u15
+ u8
∂
∂u16
),
ϕˆ11 =
i
2
(−u10
∂
∂u1
+ u11
∂
∂u2
− u12
∂
∂u3
− u13
∂
∂u4
+ u14
∂
∂u5
− u15
∂
∂u6
+ u16
∂
∂u7
− u9
∂
∂u8
−u8
∂
∂u9
− u1
∂
∂u10
− u2
∂
∂u11
− u3
∂
∂u12
− u4
∂
∂u13
− u5
∂
∂u14
− u6
∂
∂u15
− u7
∂
∂u16
),
ϕˆ12 =
i
2
(−u11
∂
∂u1
+ u12
∂
∂u2
+ u13
∂
∂u3
+ u14
∂
∂u4
+ u15
∂
∂u5
− u16
∂
∂u6
− u9
∂
∂u7
+ u10
∂
∂u8
+u7
∂
∂u9
− u8
∂
∂u10
+ u1
∂
∂u11
− u2
∂
∂u12
− u3
∂
∂u13
− u4
∂
∂u14
− u5
∂
∂u15
+ u6
∂
∂u16
),
ϕˆ13 =
i
2
(u12
∂
∂u1
+ u13
∂
∂u2
+ u14
∂
∂u3
+ u15
∂
∂u4
+ u16
∂
∂u5
+ u9
∂
∂u6
+ u10
∂
∂u7
+ u11
∂
∂u8
−u6
∂
∂u9
− u7
∂
∂u10
− u8
∂
∂u11
− u1
∂
∂u12
− u2
∂
∂u13
− u3
∂
∂u14
− u4
∂
∂u15
− u5
∂
∂u16
),
ϕˆ14 =
i
2
(u9
∂
∂u1
− u10
∂
∂u2
+ u11
∂
∂u3
− u12
∂
∂u4
− u13
∂
∂u5
− u14
∂
∂u6
− u15
∂
∂u7
+ u16
∂
∂u8
−u1
∂
∂u9
+ u2
∂
∂u10
− u3
∂
∂u11
+ u4
∂
∂u12
+ u5
∂
∂u13
+ u6
∂
∂u14
+ u7
∂
∂u15
− u8
∂
∂u16
),
ϕˆ15 =
i
2
(−u10
∂
∂u1
− u11
∂
∂u2
− u12
∂
∂u3
− u13
∂
∂u4
− u14
∂
∂u5
− u15
∂
∂u6
− u16
∂
∂u7
− u9
∂
∂u8
+u8
∂
∂u9
+ u1
∂
∂u10
+ u2
∂
∂u11
+ u3
∂
∂u12
+ u4
∂
∂u13
+ u5
∂
∂u14
+ u6
∂
∂u15
+ u7
∂
∂u16
),
ϕˆ16 =
i
2
(u11
∂
∂u1
+ u12
∂
∂u2
− u13
∂
∂u3
− u14
∂
∂u4
+ u15
∂
∂u5
+ u16
∂
∂u6
− u9
∂
∂u7
− u10
∂
∂u8
+u7
∂
∂u9
+ u8
∂
∂u10
− u1
∂
∂u11
− u2
∂
∂u12
+ u3
∂
∂u13
+ u4
∂
∂u14
− u5
∂
∂u15
− u6
∂
∂u16
).(4.9)
According to relation (2.13), the ϕˆ2 operator is defined as follows:
ϕˆ2 = ϕˆ210 + ϕˆ
2
11 + ... + ϕˆ
2
16. (4.10)
ϕˆ2 is the operator that connects Laplacian of nine-dimensional like-hydrogen atom to sixteen-
dimensional isotropic oscillator. Therefore, ε energy spectrum of sixteen-dimensional isotropic
oscillator as:
ε = h¯ω(N + 8), (4.11)
where is obtained from relations (2.18), is connected to energy discrete spectrum of nine-
dimensional like-hydrogen atom. E energy spectrum of like-hydrogen atom in nine-dimensions,
The relations between d-dimensional isotropic oscillator and D-dimensional like-hydrogen atom11
for m = 4, can be obtained with relation(2.19):
E =
−2µe4
h¯2(N + 8)2
, (4.12)
where N parameter is defined based on like-hydrogen atom in nine-dimensions. Since there
exists a hidden non-abelian monopole in the sixteen- dimensional isotropic oscillator, so, this
system looks like a nine-dimensional like- hydrogen atom in a field of monopole desired by
septet of potential vectors [8].
5 Conclusion
Using appropriate transformations and mathematical computations creates a relationship
between d-dimensional isotropic oscillator and D-dimensional like-hydrogen atom coordi-
nations. It is considered that mathematical calculations leads relationship between D-
dimensional laplacian of like-hydrogen atom and d-dimensional laplacian of isotropic oscilla-
tor. Energy spectrum and wave function are calculated through replacing obtained relations
in Schro¨dinger equation of D-dimensional like-hydrogen atom and comparing of this equation
to d-dimensional isotropic oscillator problems.
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